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We study the quantum Hall effect in a monolayer graphene by using an approach based on
thermodynamical properties. This can be done by considering a system of Dirac particles in an
electromagnetic field and taking into account of the edges effect as a pseudo-potential varying
continuously along the x direction. At low temperature and in the weak electric field limit, we
explicitly determine the thermodynamical potential. With this, we derive the particle numbers in
terms of the quantized flux and therefore the Hall conductivity immediately follows.
PACS numbers: 71.15.-m, 02.40.Gh
INTRODUCTION
Graphene is a two dimensional (2D) monolayer of
graphite atoms [1, 2]. It has a honeycomb lattice struc-
ture of carbon atoms packed in a 2D system. Its single
layer has a band structure analogous to massless rela-
tivistic particle, where the valence and the conduction
bands meet in two in-equivalent points K and K ′, called
Dirac points, at the corners of Brillouin zone. The quan-
tum Hall effect (QHE) [3, 4] in graphene is one of most
remarkable phenomena, not only because of the Hall con-
ductivity is quantized on plateaus and magnetoconduc-
tance vanishing in magnetic field but also provides a
bridge between condensed matter physics and quantum
electrodynamics [5].
The successful experimental works [3, 4] and several
theoretical attempts [6–8] established the Hall conduc-
tivity expression as σH = 4
(
n+ 12
)
e2
h with n, an integer
including zero, characterizes the integer quantum Hall ef-
fect (IQHE) in a monolayer graphene. The prefactor 4
reflects the two-fold spin and two-fold valley degeneracy
in the graphene band structure. The term 12 comes from
the Berry phase due to the pseudospin (or valley) pre-
cession when a massless (chiral) Dirac particle exercises
cyclotron motion [9]. The conduction in graphene device
may be produced by two types of charge carriers: the
electrons and the holes. The Fermi energy changes the
position with changing the type of the carriers charges [5],
such that this energy is in the valence (conduction) band
when the holes (electrons) are responsible to conduction.
The quantization of the Hall conductivity is determined
also by the fact of the number of the edges states band
crossing the Fermi level [10].
Our main objective is to introduce a new approach
based on the thermodynamical properties [11] to study
the quantum Hall effect in graphene. For this, we con-
sider Dirac particles living in a rectangular plane un-
der the action of the very weak transverse electric and
a strong perpendicular magnetic fields. Taking into ac-
count of a continuum pseudo-potential varying a long
of x axis, we explicitly evaluate the Hall conductivity.
As an interesting result, we end up with the quantized
plateaux characterizing the integer quantum Hall effect
in graphene.
This letter is organized as follows. In section 2, we for-
mulate our problem by setting the Hamiltonian describ-
ing Dirac particle in the presence of the electromagnetic
fields and involving a pseudo-potential along the x-axis.
After some algebra, we diagonalize our Hamiltonian to
get the solutions of the energy spectrum. In section 3,
using Fermi-Dirac statistics and Mellin transformation
to explicitly evaluate the grand thermodynamical poten-
tial. In section 4, we calculate the particle number to
end up with the Hall conductivity and therefore the cor-
responding filling factors. Finally, we conclude in last
section.
SOLUTIONS OF THE ENERGY SPECTRUM
We consider a rectangular sheet of graphene parame-
terized by two sides (Lx, Ly) and subjected to an electro-
magnetic field ( ~E, ~B). To deal with our task, we describe
the present system by the Hamiltonian
H = vF~σ~π + σyeEy +∆p˜+ gµB ~B · ~S (1)
where the first term is the Dirac operator in the presence
of ~B and second is resulting from an applied electric field
along y-direction, i.e. ~E = Ey~ey. The continuum pseudo-
potential ∆p˜ is reflecting the edges effect contribution
and the last one is the magnetic coupling. ~σ are Pauli
matrices, g is the Lande´ factor, vF ≈ c100 is the Fermi
velocity and µB is the Bohr magneton.
It is convenient to consider the Landau gauge ~A =
(−By, 0) where the momentum operators read as πx =
px − eBc y and πy = py. For simplicity, we decompose (1)
into three parts. These are
H = H0 +∆p˜+ gµB ~B · ~S (2)
where H0 is corresponding to the two first terms in (1).
This decomposition is helpful in sense that we can treat
2each part separately and therefore derive easily the spec-
trum of (2).
Now solving the eigenvalue equation to end up with
the eigenvalues
Enp˜s = sgn(n)
√
2
(
~vF
lB
)2
|n|+∆p˜+ gµBBms (3)
as well as the corresponding eigenfunctions
Ψn6=0,k,ms =
1√
2
( −sgn(n)iφ|n|−1
φ|n|
)
eikx⊗ αms (4)
and eigenfunction are
φn =
√
1
2nπ1/2n!lB
e
− (y−y0)2
2l2
B Hn
(
y − y0
lB
)
(5)
where |n| = 0, 1, 2, · · · is the LL index, y0 = −kl2B, the
magnetic length lB =
√
~c
eB and Hn being the Hermite
polynomial. The zero-energy mode is
Ψn=0,k,ms =
(
0
φ0
)
eikx⊗ αms (6)
wherems = ± 12 is the azimuthal number of spin operator
Sz whose associated states are
α 1
2
=
(
1
0
)
, α− 12 =
(
0
1
)
(7)
and by convention we choose sgn(0) = 0.
GRAND THERMODYNAMICAL POTENTIAL
To achieve our goal we start by determining the grand
thermodynamical potential (GTP)
Ω = −kBT ln (Z) (8)
such that the partition function associated to our system
is given by the Fermi-Dirac Distribution
Z =
∏
τ,τn,p˜,ms
[
1 + eβ(µ˜−Eτ,τn,p˜,ms )
]
(9)
where µ˜ is the chemical potential of particles, τ takes
plus one when n > 0 and minus one otherwise. β = 1kBT
with KB is Bolzaman constant and T is the temperature.
We define the shorthand notation {l} = τ, τn, p˜,ms to be
used in the next. Using (9) to write (8)
Ω = − 1
β
∑
{l}
ln
[
1 + eβ(µ˜−Enp˜s)
]
. (10)
It is convenient to adopt the dimensionless variable µ =
µ˜
mc2 , εnp˜s =
Enp˜s
mc2 and θ =
1
βmc2 . Requiring ∆p˜ = −cEB p˜
and assuming that |p˜| ≤ eBLy2c is fulfilled, we write GTP
as
Ω = −mc2θNφ
∫ b/2
−b/2
dp˜
b
∑
{l}
ln
[
1 + e
µ
θ e−
εnp˜s
θ
]
. (11)
where b =
eBLy
mc2 andNφ =
eBS
hc is the number of quantum
electron states in the magnetic field for a given n in an
area S = LxLy. To evaluate GTP, we use the Mellin
transformation method with respect to the variable e
µ
θ .
After calculation, we obtain
Ω = ∓2ǫθ
∞∑
s=−∞
Res

∑
{l}
πe
sµ
θ
s sin (πs)
e−s
ε{l}
θ

 (12)
where the minus (plus) sign refers the closing sense of the
counter to the left (right) of the imaginary axis for µ > 0
(µ < 0). Now we show
Ω = ∓ǫθNφ
∞∑
s=−∞
Res

 πesκθ z2π
s sin (πs)

−1 + 2
+∞∑
(τ3n)=0
(
e−
s
θ
√
2κv2
F
)√τ3n

∑
ms=± 12
(
e−s
g∗κ
θ
)ms ∫ b/2
−b/2
es
ecp˜~E
ǫ2θκ
dp˜
b

 . (13)
where g∗ = gǫµBe~c2 , κ =
ec~B
ǫ2 and ǫ = mc
2. After integra- tion, we end up with
Ω = ∓2ǫθNφ
∑
s
Res
[
πes
κ
θ
z
2π
s sin (πs)
coth
(
s
θ
√
κv2F
2
)
cosh
(
sg∗κ
2θ
)
sinh (seELy/2ǫθ)
seELy/2ǫθ
]
(14)
3where z = 2πµκ . For the residue calculations, we distin-
guish two specials parts of GTP Ω = Ωmon + Ωmon. The
first concerning the real poles called the monotonic part
(Ωmon). But the second is related to the imaginary poles
called the oscillating part (Ωosci). In our analysis, we re-
strict the calculation of Ωmon and Ωosci only for the minus
sign, i.e for µ > 0. We calculate Ωmon in s = 0 and we
neglect the contribution of other real poles. This gives
Ωmon ≈ −2ǫNφβ
[
1
3
+
g∗2
8
(κ
λ
)2
+
z2
8π2
(κ
λ
)2
+
α2
24
(κ
λ
)2
+
απ2
6
(
θ
λ
)2]
. (15)
Let us evaluate Ωosci in the poles sl =
iπlθ
λ with l =
1, 2, 3, · · · . Indeed, at low temperature and strong mag-
netic field, i.e θ ≪ κ, we obtain
Ωosci ≈ −4ǫNφλ
∑
l=1
(−1)l+1
π2l2
cos
(zκ
2λ
l
)
cos
(
κg∗π
λ
l
)
sin (απκ/2λ)
απκ/2λ
(16)
where α =
eELy
κǫ and λ =
√
κv2F
2 . Now combining all and
using the assumption of very weak electric field (α≪ 1)
to write (14) as
Ω ≈ −ǫNφλ
[
2
3
+
(
g∗κ
2λ
)2
+
( zκ
πλ
)2
+
4
π2
Γ(z)
]
(17)
where Γ(z) is a periodic function of zκ2λ defined as
Γ(z) =
∑
l=1
(−1)l+1
l2
cos
(zκ
2λ
l
)
cos
(
κg∗π
λ
l
)
. (18)
In what follows, the above function will play a crucial role
in getting the quantized Hall plateaux for Dirac particles
in graphene.
HALL CONDUCTIVITY
To evaluate the Hall conductivity, we determine the
number of charge carriers responsible for conduction in
our system through the relation
N = −1
ǫ
∂Ω
∂µ
. (19)
Thus according to (17), N can be easily derived as
N =
Nφ
π
(κ
λ
)[
z + 8
(
λ
κ
)2
dΓ(z)
dz
]
. (20)
To proceed further, let us write (18) as
Γ(z) =
1
2
∞∑
l=1
(−1)l+1
l2
{
cos
([
k
λ
(z
2
+ g∗π
)
− 2π
]
l
)
+ cos
(
k
λ
(z
2
− g∗π
)
l
)}
(21)
and using the relation [13]
∞∑
l=1
(−1)l+1
l2
cos(lx) =
π2
12
− x
2
4
, −π ≤ x ≤ π (22)
to show the result
Γ(z) =


− 5π212 − 14
(
κ
λ
)2 (z2
4 + g
∗2π2
)
+ π2
(
κ
λ
) (
z
2 + g
∗π
)
if z ∈ I1 ∩ I2
π2
12 − 14
(
κ
λ
)2 ( z2
4 + g
∗2π2
)
−
(
i2+(i+2)2
8 +
1
2
(
κ
λ
)
g∗
)
π2 + 14 (i+ 1)
(
κ
λ
)
πz if z ∈ I3 ∩ I4
(23)
4where i is an even integer and Ij, j = 1, 2, 3, 4 are inter-
vals defined as
I1 =
[
2
(
λ
κ
− g∗
)
π, 2
(
3λ
κ
− g∗
)
π
]
, I3 =
[
2
(
β
κ
(i+ 1)− g∗
)
π, 2
(
λ
κ
(i+ 3)− g∗
)
π
]
I2 =
[
2
(
g∗ − λ
κ
)
π, 2
(
g∗ +
λ
κ
)
π
]
, I4 =
[
2
(
λ
κ
(i− 1) + g∗
)
π, 2
(
λ
κ
(i+ 1) + g∗
)
π
]
To describe the quantum Hall effect, it is essential
to evaluate the Hall conductivity σH. Hence, using the
Drude model, σH is
σH = −ρce
B
(24)
where ρ is the particle number per unit area. In function
of the degree of the degeneracy of each LL Nφ and the
particle number, σH is expressed in terms of von Klitzing
conductance e
2
h , as
σH = − N
Nφ
e2
h
= −ν e
2
h
(25)
where ν is the filling factor of LL. Using (20), to obtain
σH = − 1
π
(κ
λ
)[
z + 8
(
λ
κ
)2
dΓ(z)
dz
]
e2
h
. (26)
This compared to (25) gives
ν =
1
π
(κ
λ
)[
z + 8
(
λ
κ
)2
dΓ(z)
dz
]
. (27)
Now using (23) to find
ν =
{
2 if z ∈ I1 ∩ I2
2 (i+ 1) if z ∈ I3 ∩ I4 (28)
Recall that i is taking even value and then we can write
i = 2n to recover the famous result ν = 4
(
n+ 12
)
, with
n is an integer. This clearly shows how one can describe
the integer quantum Hall effect in graphene based on the
thermodynamical properties of our system.
CONCLUSION
By taking into account of the edges effects in terms
of a pseudo-potential in a monolayer graphene, we have
shown that the corresponding Hall conductivity under-
goes to a sequence of plateaux. Its quantization is per-
formed by make using of the Fermi-Dirac statistical.
This has been done by considering a system of Dirac
fermions in graphene submitted to an electromagnetic
field and evaluating the grand thermodynamical poten-
tial as well as related physical quantities like number of
particles.
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